Non-Local Gravity from Hamiltonian Point of 

View 



in 



o 



X 



Josef Kluson0 



^ ■ Department of Theoretical Physics and Astrophysics 



Faculty of Science, Masaryk University 
^ : Kotldfskd 2, 611 31, Brno 

Czech Republic 



p ^; Abstract 
(D ■ 

r~| ' This short note is devoted to the canonical analysis of the non-local the- 

ories of gravity. We find their Hamiltonian and determine the algebra of 
^SJ I constraints. We perform this analysis for non-local theories of gravity formu- 

^ ■ lated both in Jordan and Einstein frame. The result of our analysis suggests 

that Hamiltonian formulation does not bring to clear identification of ghosts 
' presence in non-local gravity. 



^E-mail: klu@physics.inuni.cz 



1 Introduction 



Recent experimental data suggests that the expansion of the universe is accelerating 
[H [2]. One of the most popular approach how to explain current expansion of the 
universe is the introduction of cosmological constant dark energy in the framework 
of general relativity [§. Another possibility how to explain the acceleration of the 
universe is to modify of gravity action. The most well known example such a theory 
are F{R) theories of gravity where R is the scalar curvature of D + 1 dimensional 
space-time and F is an arbitrary function, for review of F{R) gravity, see O El [TJ [8] . 

Another example of modifications of gravity that could explain the current accel- 
eration [H] are non-local modifications of gravity. This possibility is closely related 
to the proposal presented in [2T] where authors suggested that the cosmological 
constant problem could be solved in the context of non-local gravity. This idea 
was further elaborated in recent papers [22] [23] . There are also additional reasons 
why it is interesting to study the non-local modification of gravity. For example, 
non-local effective field theories naturally emerge in the framework of string field 
theory (TUl [HI [121 [131 [HI [13 [IS] and hence the string theories could provide natural 
UV completion of non-local theories. For further analysis of non-local gravity from 
different points of view, see [T71 [T8l [T9l [20] . 

In summary, non-local gravity models are very intensive studied and deserve 
to be investigated further from different point of views. For example, one would 
like to see how the non-local character of given theory is reflected in its canonical 
formulation. The goal of this paper is to perform the Hamiltonian analysis of the 
broad class of non-local theories of gravity [19] . We analyze these theories in Jordan 
frame and then in Einstein frame. We determine the constraint structure of given 
theories and we argue that they obey the standard rules of geometrodynamics [251 
[26] [27] which is in agreement with the fact that these theories are invariant under 
diffeomorphism transformations. On the other hand we show that the Hamiltonian 
structure of given theories depends on the character of the non-local action. More 
precisely, due to the fact that these actions contain derivative of scalar curvature it 
is convenient to introduce the appropriate number of scalar fields [IH] and rewrite 
these non-local theories of gravity to the specific form of the scalar tensor theories. 
Then the crucial point is whether the scalar field A possesses canonical conjugate 
momenta or not. More precisely, for the action where A appears linearly but which 
is general function of □~^y4, □"^A, ... we find that this theory possesses collection 
of two second class constraints. The presence of these constraints imply that the 
Poisson brackets between canonical variables should be replaced with corresponding 
Dirac brackets. We also explicitly show that these Dirac brackets depend on phase 
space variables. This is very non-trivial result whose origin can be traced to the non- 
local character of the theory. On the other hand we show that the Dirac algebra 
of the constraints takes again the familiar form and obeys the standard rules of 
geometrodynamics. 

We should also stress one important point. The present Hamiltonian analysis 
^For review, see [3] and the most recent [4]. 
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is not sensitive to the fact whether some of the scalars have the kinetic term with 
negative sign and hence should be considered as ghosts. This is a consequence of the 
fact that the Hamiltonian is hnear combination of the first class constraints that 
according to the basic principles of the theory of constraints systems ^24j should 
vanish on the constraint surface. 

Let us outline our results. We perform the Hamiltonian analysis of non-local 
theories of gravity and determine their constraints structure. We find that the 
constraints obey the standard rules of geometrodynamics. We also determine the 
corresponding Dirac brackets between canonical variables for particular form of the 
non-local gravity action. We derive equivalent results when we consider theories 
formulated both in Jordan and in Einstein frame. 

The structure of this paper is as follows. In the next section we introduce 
non-local theories of gravity and map them to their Jordan frame. Then we per- 
form their Hamiltonian analysis and discuss the canonical structure of given theory 
with dependence on the properties of the scalar field A. In section (|3]) we analyze 
these theories formulated in Einstein frame and find their canonical structure and 
determine the results that are equivalent to the ones derived in ([2]) [f]. 



2 Hamiltonian Analysis of Non-Local Gravity 

We begin with the action for non-local gravity that was recently studied in 
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i?(^)(l + /(n-i(^)i?(^)))-2A 



where / is any function/'^^i? is d = + 1-dimensional scalar curvature, □ is 
d'Alambertian □ = ^'^^V^Vjy = ^^^9^ \\/ ~99^^ Qv\ , D"^ is the inverse of given 
operator and A is a cosmological constant 0. Due to the presence of the operator 
□^^ it is convenient to introduce two scalar fields ip and ^ and rewrite the action 
(II]) in the following form 



S 



d 



D+l 



2k^ 



+ fiij) - - 9'''d,^d,^ - 2A) 



(2) 



It is easy task to show that the actions and 
variation of the action ([2]) with respect to C, gives 

Dtp = ^"^^R 



are equivalent. In fact, the 



(3) 



'mT, 



with the 



■^We use units of ft = c = 1 and denote the gravitational constant SttG by 

Planck mass of Mpi = Q-^/^ = 1.2 x W^GeV . 

^ For simplicity we restrict ourselves to the analysis of pure non-local theory keeping in mind 
that it is straightforward to generalize our analysis to the case of when the matter contribution is 
present. 
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that implies ip = n ^^'^^R. Then substituting this result into (|2]) we obtain ([T]). 

In what follows we will be more general and consider following general form of 
non-local action |20j 



As usual it is convenient to map given action to more tractable form. Following [20] 
we firstly introduce scalar fields A, B and rewrite the action (j4]) into the form 

S = j rf^+^V^ |^i^(v4, UA, O'A, D'^A, D-'A, D-^A, □""A) + B{^'^^R - A)| 



As the next step we define two scalar fields Ciy"^! order to eliminate □ ^A. To 
do this we add following term to the action 



J d^'+'x^UA - D^i) = j d^'^'x^gir^.irV.^Pi + i^A) . (6) 

At the same time we introduce two fields XiiVi order to eliminate \3A and add 
following term to the action 



j d^+i V^xi(r/i - DA) = j d^'+^^gird.XiduA + ^ir/i) (7) 
so that the action ^ takes the form 

S = j ci^+ia;v^|^F(A,r/i,nr/i,...,n--ir/i,^i,n-V,...,n-"+V) + 
+ Bi^'^^R -A) + {^''d.xid.A + xirii) + {g'^d^iid^i^i + 6^)} • 



From this analysis it is clear how to proceed further. We introduce following content 
of the scalar fields A, B, Xk, Vk,k = 1,2, ... ,m and = 1,2, ... ,n. Then 

repeating the procedure presented above we can rewrite the action into the form 



1=2 1=1 



S = j d ^ x^/-g^—F{A,rii,ri2,...,rirn,ipi,ip2,---,'ipn) + 

m m 

+ Bi^'^R -A)+ rO.XiduA + J2 d,XiduVi-i + E ^'^'+ 

n n 



A-1 

1=1 1=2 



(4) 



(5) 



(9) 
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This form of the action is our starting point for the Hamiltonian analysis of non-local 
theories of gravity. 

As usual in order to formulate the Hamiltonian analysis of theory coupled to 
gravity we have to introduce D + 1 formalism. Explicitly, let us consider D + 1 
dimensional manifold M. with the coordinates , // = 0, . . . , L> and where — 
(i, x) ,x = {x^,...,x^). We presume that this space-time is endowed with the 
metric g^u{x^) with signature (— , +,..., +). Suppose that A4 can be foliated by a 
family of space-like surfaces defined by t = x*^. Let gij,i,j = 1,. . . ,D denotes 
the metric on with inverse g''^ so that gijg^^ = 6f. We further introduce the 
operator Vj that is covariant derivative defined with the metric gij. We introduce the 
future-pointing unit normal vector to the surface E^. In ADM variables we have 
nP — —g^^, = — ^°Ya/— We also define the lapse function = 1/a/ — 
and the shift function A^* = —g^^/g^^- In terms of these variables we write the 
components of the metric g^i, as 

^00 = -A^^ + Nig'^Nj , goi = A"j , cnj = gij , 

^ 7V2 ' y ^2 ' y y aa2 • 

(10) 

Then it is easy to see that 



y/-detg = N^/d^ . (11) 
We further define the extrinsic curvature 

Kij = ^i^t9^J - V^N, - V,N,) , (12) 

where Vj is the covariant derivative calculated using the metric g^j. It is well 
known that the components of the Ricmann tensor can be written in terms of ADM 
variables. For example, in case of Riemann curvature we have 

("^R = K'^Kij -K^ + R+ -^d^{^gn^K) - -l^d,{^g'^ d^N) , (13) 

where K = Kijg^'^ and where R is Riemann curvature calculated using the metric 
gij. Note that has components 

1 TV' 
"° = 7^-'^ = --. (14) 
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Implementing D + 1 formalism in the action ([9]) we find that it has the form 
^ = y d^^^xN^ !^^F{A,T]i,r]2, . . . ,r]^,iJi,iJ2, ■ ■ ■ ,i^n) + 

\/9 



1=2 1=1 
n n 



1=1 1=2 

(15) 

Using the form of the action f llSp we can proceed to the Hamiltonian formalism. 
Explicitly, from f|T5|) we determine conjugate momenta 

TTjv ~ , TT, ^ , TT^^' = B^{K'^ - g'^K) - ^VnBg'^ , 
Pb = -'^y/gK , Pa = -y/g^nXi , 
Pxi = -y/g^nVi-i , Pm^i = -y/g^nXi , / = 2, . . . , m , 
P^k = -y/g^n-ipk , Pi,„ = -y/gVn^k ,k = l,...,n . 

(16) 

Then after some algebra we find the Hamiltonian in the form 

H = j d^^iNUr + N'Ui) , (17) 

where 

Ht = -—f,7r''g^k9u7r'''-—--7i^-^ + 
y/gB y/gBD 

+ j^{D-l)pl~^BR + 2dA^g'^d,B]- 

^ ^ m 1 " 

- v^^-P(^. 'h. 'ft. . . . , I)™, i/'2, . . . , </'..) + V9S-4 + 2aj[V9g''SjBl - 

m m 

- Vgg'^diXidjA - ^g'^ diXidjTji^i - ~ 

1=2 1=1 

n n 

1=1 1=2 

m m n 

Hi = -2gikWi-n^^ + PAdiA + psdiB + YpxA^i + Y^'^'^^'^^ + Y^P^'^^'^'' + Pi>k^i^k) , 

1=1 1=2 k=l 

(18) 
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and where vr = ir^^gji. As usual the requirement of the preservation of the primary 
constraints tttv ~ 0, vTj imphes the secondary one 

~ , ni^O . (19) 

As the next step we have to check the consistency of the secondary constraints with 
the time development of the system. For that reason it is convenient to introduce 
the smeared form of these constraints 

Tt{N) = j d^^N{^)'HT{^) , TsiN') = j ci^xAr^(x)?/,(x) . (20) 

Then using the canonical Poisson brackets 

{^,,(x),7r'='(y)} = ^(5f55 + 5^5|)5(x-y), 
{A(x),p^(y)} = 5(x-y), {i?(x),pB(y)} = 5(x-y) , 

{Xi (x) , Vxk (y ) } = ^ik^ (x - y ) , {rii (x) , Vm (y ) } = ^ik^ - y ) , 
{6 (x) , (y ) } = 6ik6 (x - y ) , (x) , p^, (y ) } = 6ik6 (x - y ) 

(21) 



we easily determine the well known algebra of constraints 

{Tt{N),Tt{M)} = TsiNd'M - Md'N) , 
{Ts{M'),Tt{N)} = TriM^m) , 



(22) 



In other words the constraints (120|) are preserved during the time evolution of the 
system. Note also that these constrains have to vanish weakly. As a result the 
Hamiltonian has to vanish on the constraint surface and hence any instability related 
to the presence of the ghosts (which is general property of any non-local theory) is 
not seen on the level of classical Hamiltonian analysis. 

It is important to stress that during the analysis performed above we implicitly 
presumed that there is a momentum conjugate to A. However it turns out that for 
the non-local actions that do not depend on n^^^R the momentum conjugate to A 
is absent. More precisely, let us consider the action 



S=^ [ d^-^^xJ^Fi^'^^R, n-^^'^^R, n-^^^^R, . . . , □-"('^)i?) (23) 
2k^ j 

that is the generalization of the action (jj]). Performing the same analysis as above 
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we find that this action takes the form 



V 9 

n n ^ 

1=1 1=2 J 



(24) 



From the action fl24l) we find the conjugate momenta 
Pb = -2^K , Pa ~ , 

Psik = -V^VnV'fc , Pt^fc = -y^Vn^fc ,/ = l,...,n 



(25) 



and the Hamiltonian 

H = J d^^{NHT + N'Hi + v^pa) , (26) 

where 



^5 

B 1 " 

+ - - v^5^ + 2d,[^g'^d,B] - —J^Pi^P^, - 

1 



- v^7^F(A^l,^2,...,^n) + V^5A- 

n n 

1=1 1=2 

n 

Hi = -2gikVi'K^^ + PAdiA + psdiB + ^^(^^^5^^^ + p^^ditpk) . 

k=l 

(27) 

We again introduce the smeared constraints Tt{N), Ts{N^) and we easily find that 
they obey the relations ( l22l) . On the other hand the requirement of the preservation 
of the primary constraint Pa ~ imphes the secondary one: 

dtPA = {pA, H}^N^(^-^^-B + ^^^^NGa^O . 

(28) 
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Finally we determine time evolution of the constraint Ga 



dtGA = {Ga,H} = 

(29) 

We observe that there are two possible alternatives. The first one corresponds to the 
situation when 7^ and we see that the equation (132]) uniquely fixes the value 
of the Lagrange multiplier v^. Then we can finish the analysis of the consistency 
of constraints with the time evolution of the system since now P/i ~ , Ga ~ are 
the second class constraints with non-zero Poisson bracket 

{p^(x),G^(y)} = -^|^(x)5(x-y) . (30) 

In principle these constraints can be solved for pa and A and hence we find theory 
that has the same physical content as the F{K) theory of gravity coupled with 
the collection of the scalar fields. It is also easy to see that the Dirac brackets 
of canonical variables that define reduced phase space coincide with the Poisson 
brackets. 

The more interesting example corresponds to the second situation when = 
so that F has linear dependence on A 

F = AUoi^u . . . , ^n) + f/i(V^i, . . . , ^„) (31) 

and hence the constraint Ga has explicit form 

Ga = V9(J^Uo-B + ^,^ ^0. (32) 

Then the equation (129|) implies an additional constraint 



G 



1 dUn TT B . ^ . , . 

^ErfXn,-P*. + B-^(fl-lW«0. (33) 



" ti 



Note that the Poisson bracket between Ga and G^/ is equal to 

{G^(x), Gi^(y)} = (-^^ + ^^(^ - y) = ^ - y) 



(34) 



The next step is to explicitly solve the constraints pA ^ and Ga ~ 0, G^/ ~ 0. 
Since the constraint ~ is the first class constraint we impose the gauge fixing 
condition A = const. As a result the pair A,pa is eliminated from the theory. On 
the other hand we solve the constraint Ga for B and we find 

B = ^Uo + ^i. (35) 
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In the same way we solve the constraint G^j( for ps with the result 
2D 1 [ n 1 ^dUo 



(36) 



As the final point we have to replace the Poisson brackets with corresponding Dirac 
brackets. However it is important to stress that the Dirac brackets between the first 
class constraints coincide with corresponding Poisson brackets. Let us demonstrate 
this claim on the following example 

{Tt{N),Tt{M)}j, = {Tt{N),Tt{M)}- 

- J d''zd^z'{TT{N),GA{z)}A-\z,z'){G'/iz'),TT{M)} + 

+ J d^zd^z'{TT{N),G'/{z)}A-\z,z'){GA{z'),TT{M)}^ 
^ {Tt{N),Tt{M)} 

(37) 

due to the fact that {Tt{N),Ga{z)} = -N{z)G^J{z) ^ 0. In the same way we 
can show that the Dirac brackets {TT{N),TsiN')} ^ , {TsiN'),Ts{M^)} coin- 
cide with corresponding Poisson brackets. Further, it is also easy to see that the 
Dirac brackets between gij,TT^'' coincides with the Poisson brackets again simply 
from the fact that {gij, Ga} = , {vr*-' , Ga} ~ 0. On the other hand the situation is 
more complicated in case of the modes ipi and corresponding conjugate momenta 
P^vPi^r Exphcitly 

te(x),Pa(y)}^ = te(x),Pc,(y)}- y"rf^zrf^z'te(x),G^(z)}A-i(z,zO{Gi^(z'),Pa(y)} + 
+ I ci^zc?^z'{eKx),Gi^(z)}A-i(z,z'){G^(z'),Pa(y)} = 



^(x-y)5,.-^^A-V^5,,.5(x-y) 



(3J 



where A ^ is defined by the equation 

J d^zA(x, z) A-i(z, y) = 5(x - y) . (39) 



Then using we find 



1 



A-^(x, y) = ^,uo^D-ir.A ^ - y) • (40) 
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In the same way we find 

' dipk 

(41) 



Remarkably the presence of the second class constraints implies non-trivial Dirac 
brackets between metric variables and scalar fields and corresponding conjugate 
momenta. For example, 

te,(x),p^,(y)} = I rf^zd^z'{(7,,(x),G^^(z)}A-i(z,z'){G^(z'),Pa(y)} = 



(42) 



In the same way we find 



{,.,(x),p,,(y)}^ = ^^?.-^A-^5(x-y), 
{7r^^(x),p^,(y)}^ = -lvr^^A-%5(x-y) , 
{.^^(x),p,,(y)}, - -2^-''^,^-''^--y^ 



(43) 



Let us outline the results derived in this section. We performed the canonical 
formalism for non-local theories of gravity. We found that the Hamiltonian is given 
as a linear combination of the first class constraints with standard Poisson brackets. 
On the other hand the Hamiltonian constraint and symplectic structure defined on 
the reduced phase space are very complicated due to the relations fl35|) . f l36|) . 

In the next section we perform the Hamiltonian analysis of non-local theory of 
gravity that is formulated in the Einstein frame. 

3 Non-local Gravity in Einstein Frame 

For some purposes it is convenient to transform non-local theory to the Einstein 
frame formulation B Recall that under the scaling transformation of metric 

= n^g^,^ (44) 



^For review, see for example 
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the scalar curvature transforms as 

^'^R = ^ - 2D^r^,V,n + D(3 - D) ^'^lf'" 'j . (45) 

Let us consider the most general form of the non-local action (Q. Then using ( l44l) 

1 

with Q = B^-o we can map the action ([9]) into the form 



S = J d + x^/-g ^—F{A,r]i,r]2,...,r]m,iJi,iJ2,---,iJn) + 

m 



1 1 

1=2 1=1 

1=1 1=2 J 



(46) 



This is the non-local gravity action formulated in the Einstein frame. Our goal is 
to perform the Hamiltonian analysis of given action. 

The simplest possibility corresponds to the situation when df^A ^ 0. In this case 
the action fH6l) has the structure 



(47) 

where Gab is a specific field dependent metric on the field space. This is well known 
form of the scalar tensor theory and it is simple task to determine corresponding 
Hamiltonian 

«r' = i f ^PaG'V + ^GW'S.4-'aj*= + 1/(4) 

(48) 

Then the standard analysis implies that T-Lt and Hi are the first class constraints 
and their algebra takes the form fl2^ . Recall again that the Hamiltonian vanishes 
on the constraint surface. 
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More interesting situation occurs in case when dfj_A = which corresponds to 
the form of the non-local gravity action fl23|) . Following standard analysis we derive 
the Hamiltonian in the form 

H = j d^xiNTir + N'Hi) , (49) 

where 



Vg V" ' i-D" J 



1 + Z) 1 B . " ^ 



V9 



k=l 

n 



1=1 1=2 

(50) 

As usual we obtain the secondary constraints T-Lr^'Hi that obey the relations (1221) . 
On the other hand the requirement of the preservation of the primary constraint 
^ implies the secondary one: 

dtpA = {PA.H} ^ NB't^ ^ (^^"^^ B + =NB^Ga^O, 

(51) 

where Ga coincides with the constraint (1321) . Finally we determine the time evolu- 
tion of the constraint Ga 

dtGA = {Ga.H} = 



I ^ (PF l-D ^ \ I (PF ^ ^ 

(52) 

We observe that this equation possesses two possible alternatives exactly as the 
equation (129|) .Since the analysis is completely the same as the analysis presented 
below this equation we will not repeat it. 

In summary, Einstein or Jordan frame formulation of non-local theory of gravity 
leads to well defined Hamiltonian systems where the Hamiltonian is given as a linear 
combination of the constraints. Due to the fact that these constraints have to vanish 
weakly it does not matter whether the scalars are ghosts or ordinary scalar fields at 
least on the classical level. 
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